The goal of this note is to present some recent results of our research concerning multiplier ideal sheaves on complex spaces and singularities of plurisubharmonic functions. We firstly introduce multiplier ideal sheaves on complex spaces (not necessarily normal) via Ohsawa's extension measure, as a special case of which, it turns out to be the so-called Mather-Jacobian multiplier ideals in the algebro-geometric setting. As applications, we obtain a reasonable generalization of (algebraic) adjoint ideal sheaves to the analytic setting and establish some extension theorems on Kähler manifolds from singular hypersurfaces. Relying on our multiplier and adjoint ideals, we also give characterizations for several important classes of singularities of pairs associated to plurisubharmonic functions.
The multiplier ideal sheaves together with a variant of them, the adjoint ideal sheaves, which measure the singularities of plurisubharmonic functions, turn out to be a powerful tool in complex geometry and algebraic geometry in recent years; one can refer to [14, 26, 54] & [37, 32, 55] for a general exposition to the analytic and algebro-geometric side of the theory respectively. Throughout this article, all complex spaces are always assumed to be reduced and paracompact unless otherwise specified; we refer to [20, 31, 42, 50] for main references on the theory of complex spaces.
In the present article, we firstly extend the concept of multiplier ideal sheaves to the singular case, by which, we then make the adjoint ideal sheaves to be well-defined in the analytic setting successfully and prove some interesting properties related to them. Since our multiplier ideals sheaves can be defined on any complex space of pure dimension (not necessarily normal or Q-Gorenstein), we also study the singularities of complex spaces together with plurisubharmonic functions on them by both of ideals; one can refer to [40] for a definition of multiplier ideal sheaves on Q-Gorenstein complex spaces.
1.1. Multiplier and adjoint ideal sheaves on complex spaces with singularities. In [28] , Guenancia generalized the notion of adjoint ideal sheaves (along SNC divisors) to the analytic setting by means of the Ohsawa-Takegoshi-Manivel extension theorem, and then proved the coherence for the locally Hölder continuous plurisubharmonic weights (see also [32] ). However, the analytic adjoint ideal sheaves defined in [28, 32] are not coherent in general and one can find an explicit example given by Guan and the author in [24] . In the event that we would like to construct analytic adjoint ideals along arbitrary closed complex subspace of pure codimension as in the algebraic setting [55, 19] and establish an analogous adjunction exact sequence, it is necessary for us to understand what is the meaning of multiplier ideals on complex spaces (may be singular), i.e., the last non-trivial term in the adjunction exact sequence.
Let X be a complex space of pure dimension n, ω X the dualizing sheaf of X and ϕ ∈ L 1 loc (X reg ) with respect to the Lebesgue measure. Then, we can define the Nadel-Ohsawa multiplier ideal sheaf I (ϕ) ⊂ M X associated to the weight ϕ on X (see Definition 2.2), via Ohsawa's extension measure. Moreover, we have the following: Remark 1.2. If the embedding dimension emb x X ≤ n + 1 for all x ∈ X, an analogous result has been established in [39] . When X is smooth, I (ϕ) is nothing but the usual multiplier ideal sheaf I (ϕ).
In the algebro-geometric setting, the authors in [13, 18] introduced the so-called Mather-Jacobian multiplier ideals via the Nash blow-up, which turned out to be very helpful in the study of higher-dimensional algebraic geometry. In fact, we can show that the analytic corresponding of Mather-Jacobian multiplier ideals is nothing but the multiplier ideals associated to analytic weights defined above, i.e., . Let X be a complex space of pure dimension, a ⊂ O X a nonzero ideal sheaf on X and c ∈ R ≥0 . Then, the Mather-Jacobian multiplier ideal sheaf associated to a c coincides with the Nadel-Ohsawa multiplier ideal sheaf associated to ϕ c·a , i.e., I MJ (a c ) = I (ϕ c·a ), where ϕ c·a = c 2 log( k | f k | 2 ) and ( f k ) is any local system of generators of a.
Let M be an (n + r)-dimensional complex manifold and X ⊂ M a closed complex subspace of pure codimension r with g = (g 1 , . . . , g m ) a system of generators of I X near x ∈ M (m may depend on x). Let ϕ ∈ Psh(M) be a plurisubharmonic function such that ϕ| X −∞ on every irreducible component of X. Then, we can obtain the following: Theorem 1.4. (Theorem 2.9). There exists an ideal sheaf
called the analytic adjoint ideal sheaf associated to ϕ along X, sitting in an exact sequence:
where i : X ֒→ M, ι and ρ are the natural inclusion and restriction map respectively, and log |I X | := log |g| = 1 2 log(|g 1 | 2 + · · · + |g m | 2 ) near every point x ∈ M. Remark 1.5. (1) Similar to the proof of Proposition 2.11 in [28] , it follows that Ad j X (ϕ) coincides with the algebraic adjoint ideal sheaf defined by Takagi and Eisenstein in [55, 19] whenever ϕ has analytic singularities.
(2) If ϕ is a Hölder plurisubharmonic function and X is a smooth divisor, our definition of Ad j X (ϕ) is the same as that given by Guenancia (see Theorem 2.16 in [28] ). Similarly, we always have Ad j X (ϕ) ⊂ I (ϕ), and Ad j X (ϕ) x = I (ϕ) x for each x X as well.
1.2.
Applications to extension theorems and singularities of pairs. Using our notion of multiplier and adjoint ideal sheaves, we firstly establish the following extension theorem involved multiplier and adjoint ideals on Kähler manifolds from singular hypersufaces. Theorem 1.6. Let (M, ω) be a weakly pseudoconvex Kähler manifold and H ⊂ M a (reduced) complex hypersurface. Let L be a holomorphic line bundle on M equipped with a (possibly singular) Hermitian metric e −2ϕ L such that ϕ L | H −∞ on each irreducible component of H and √ −1∂∂ϕ L ≥ εω for some positive continuous function ε on M. Then, the natural restriction map induces a surjection
Remark 1.7. In fact, we can further deduce
for all q ≥ 1, thanks to a singular version of Nadel vanishing theorem in [14] .
Combining the above result and Siu's construction of metric, we obtain a singular version of Takayama's extension theorem in [56] as follows. Then, the natural restriction map
is surjective for every m > 0.
Moreover, we can also establish the following singular version of extension theorem for projective family due to Siu [51, 52, 53 ] (see also [48] ), by which we generalize Siu's theorem on plurigenera to the case of singular fibers with log terminal singularities (see Corollary 3.6). Theorem 1.9. (Theorem 3.4). Let π : M → ∆ be a projective family and L a holomorphic line bundle over M endowed with a (possibly singular) Hermitian metric e −2ϕ L such that √ −1∂∂ϕ L ≥ 0. Assume that the restriction of ϕ L to the central fiber M 0 is well defined and M 0 has at most log terminal singularities. Then, the natural restriction map
Whereas the multiplier and adjoint ideals encode much information on the singularities of the underlying complex space together with the plurisubharmonic weights on them, we give the following characterization of singularities of pairs associated to plurisubharmonic functions. Theorem 1.10. (Theorem 4.2). Let X be a complex space of pure dimension with x ∈ X a point and ϕ ∈ Psh(X). Then,
(1) If (X, ϕ) is log terminal at x, then x is a rational singularity of X.
(2) If (X, ϕ) is log canonical at x, then the complex subspace (A, (O X / I (ϕ))| A ) is reduced near x; in addition, if ϕ has analytic singularities, then (A, (O X / I (ϕ))| A ) is weakly normal at x, where A := N( I (ϕ)) denotes the zero-set of coherent ideal sheaf I (ϕ).
When X is locally a complete intersection, analogous to the characterization of rationality of hypersurface singularities in [39] , we can establish the following Theorem 1.11. Let X ⊂ M be locally a complete intersection and ϕ ∈ Psh(M) such that the slope ν x (ϕ| X ) = 0 for every x ∈ X. Then, the analytic adjoint ideal sheaf Ad j X (ϕ) = O M iff I (ϕ| X ) = O X iff X is normal and has only rational singularities iff (X, x) is canonical for any x ∈ X. Remark 1.12. Note that our multiplier (resp. adjoint) ideals measure both the singularities of the plurisubharmonic weights and associated complex spaces (resp. subspaces) together. The above result also implies that if a locally complete intersection has at most rational singularities, the plurisubharmonic weights with zero slope do not add the singularities in the sense of multiplier or adjoint ideals. Remark 1.13. If M is a smooth complex algebraic variety and ϕ is trivial, the above result coincides with Proposition 9.3.48 (ii) in [37] , which turned out to be very useful to study the singularities of theta divisors on principally polarized abelian varieties.
Singularities of log canonical locus of plurisubharmonic functions.
Let Ω ⊂ C n be a domain with o ∈ Ω the origin and u ∈ Psh(Ω) a plurisubhamonic function on Ω. The subscheme (or complex subspace) V(u) := (A, (O Ω /I (u))| A ) of Ω cut out by the multiplier ideal sheaf I (u) is called a multiplier ideal subscheme associated to u, where A := N(I (u)) denotes the zero-set of coherent ideal sheaf I (u); see e.g. [14, 17, 44] .
The log canonical threshold (or complex singularity exponent)
It is convenient to put c o (−∞) = 0. If c o (u) = 1, we say that (A, o) is the germ of log canonical locus of u at o.
Motivated by (2) of Theorem 1.10, it is natural to raise the following question on the weak normality of log canonical locus of plurisubharmonic functions. Question 1.1. Let o ∈ Ω ⊂ C n be the origin, u ∈ Psh(Ω) with c o (u) = 1. It is natural to wonder whether we are able to show that the multiplier ideal subscheme V(u) is weakly normal at o.
In [22] , we answered the above Question affirmatively in dimension two. Owing to the absence of desingularization theorem for plurisubharmonic functions, we cannot deal with the above question like the algebraic situation, and so it is reasonable to find another plurisubharmonic weight with mild singularities whose multiplier ideal cuts out the same subscheme as V(u). Thanks to Demailly's analytic approximation of plurisubharmonic functions via Bergman kernels, we can establish the following As an application of above result, we can confirm Question 1.1 in dimension three, i.e., In view of Theorem 1.15, we can in fact establish a strengthening of the statement as below. Furthermore, as a consequence of Theorem 1.15, we are able to characterize the multiplier ideal subschemes with log canonical singularities as follows. (1) (h) · O 3 , where h ∈ O 3 is the minimal defining function of a germ of hypersurface with semi-log-canonical singularity at o;
(
Remark 1.20. For the sake of convenience, we provide a complete list on the classification of semi-log-canonical hypersurface singularities of dimension two in Table 1 of Appendix B; one can refer to [36] for more details (see also [41] ). Moreover, all the cases in Theorem 1.19 will occur when we take u to be the following weights respectively:
(1) u = log |h|;
Based on Theorem 1.19, in a subsequent paper [23] , we are able to answer the Question posed in [22] for the three-dimensional case, by combining the Ohsawa-Takegoshi L 2 extension theorem proved in [47] with the restriction formula established in [27] . In particular, we can prove the following result in [23] :
be the origin, u ∈ Psh(Ω) and H={z 4 = · · · = z n = 0} ⊂ Ω a three-dimensional plane through o. If c o (u| H ) = 1, then there exists a new local coordinates (w 1 , w 2 , w 3 ; z 4 , ..., z n ) near o such that I (u) o is exactly equal to one of the following ideals:
(1) O n ;
Finally, relying on Theorem 1.15, we give the following characterization of log canonical locus of pair (X, a • ) associated to graded system of ideals in the algebraic setting. Corollary 1.22. Let X be a smooth complex quasi-projective threefold and a • = {a m } be any graded system of ideals on X.
If the log canonical threshold LCT(a • ) = 1 on X, then the multiplier ideal subscheme V(a • ) associated to a • is weakly normal. In further, all the singularities of V(a • ) are precisely those presented in Theorem 1.19.
Multiplier and adjoint ideal sheaves
In this section, we firstly present the Ohsawa's extension measure arising from the research of so-called Ohsawa-Takigoshi L 2 extension theorem. Next, we will construct the analytic multiplier and adjoint ideal sheaves on complex spaces via the measure and then prove some basic properties of them.
2.1.
Ohsawa's extension measure. In order to establish a general L 2 extension theorem, Ohsawa [46] introduced a positive measure on regular part of the associated closed complex subspace. Afterwards, associated with the same measure, Guan and Zhou [25] established two very general L 2 extension theorems with optimal estimates; see also [16, 10, 11] for various L 2 extension theorems related to Ohsawa's extension measure. In the subsequent parts, we will use the Ohsawa's extension measure to study the multiplier and adjoint ideal sheaves on complex spaces with singularities.
First of all, let's recall some notations in [46] (see also [25] ). Let M be an (n + r)dimensional complex manifold and X a (closed) complex subspace of M. Let dV M be a continuous volume form on M. Then, we consider a class of upper semi-continuous
The set of such functions Ψ will be denoted by # A (X). For each Ψ ∈ # A (X), one can associate a positive measure dV X [Ψ] on X reg as the minimum element of the partially ordered set of positive measures dµ satisfying
for any nonnegative continuous function f with Supp f ⊂⊂ M\X sing , where X k denotes the k-dimensional component of X reg , σ m denotes the volume of the unit sphere in R m+1 and
Remark 2.1. If X ⊂ M is a complex subspace of pure codimension r such that I X is globally generated by holomorphic functions g 1 , . . . , g m on M, by taking
one can check that the measure dV X [Ψ] on X reg can be defined by
By Theorem 2.0.2 in [62] (see also [19] , Corollary 3.2), we obtain a strong factorizing desingularization π : M → M of X such that π * (I X ) = I X · I R X , where X is the strict transform of X in M and R X is an effective divisor supported on the exceptional divisor Ex(π) of π. Then, one can check that the measure dV X [Ψ] is the direct image of measures defined upstairs by
In particular, if M is a domain in C n+r and X ⊂ M is a complete intersection, then one can check that dV X [Ψ] is the measure on X reg such that
2.2.
Multiplier ideal sheaves on complex spaces. Different from the algebraic multiplier ideals, the usual analytic multiplier ideals are constructed by the integrability of multipliers associated to plurisubharmonic weights with respect to the Lebesgue measure. In the analytic setting, the main difficulty of extending the notion of multiplier ideals to the singular case is how to choose a suitable measure in the construction by means of integrability. For Q-Gorenstein complex spaces (e.g., complete intersections), it is natural to choose an adapted measure through the associated pluricanonical forms (cf. [40] ). Unfortunately, the approach is out of work for the general case. In the following, we will construct the multiplier ideals on complex spaces of pure dimension, via the Ohsawa's extension measure.
Definition 2.2. Let X be a complex space of pure dimension n and ϕ ∈ L 1 loc (X reg ) with respect to the Lebesgue measure. Let X ֒→ Ω ⊂ C n+r be a local embedding such that I X is generated by holomorphic functions g 1 , . . . , g m on Ω.
The Nadel-Ohsawa multiplier ideal sheaf I (ϕ) on X is defined to be the fractional ideal sheaf of germs of meromorphic functions f ∈ M X,x such that | f | 2 e −2ϕ is locally integrable at x on X with respect to the measure dV X [Ψ], where Ψ = r log(|g 1 | 2 + · · · + |g m | 2 ). One can check that I (ϕ) is independent of the local embedding of X and the choice of generators of I X .
Remark 2.3. (1) By a suitable choice of the polar function Ψ, we can also define multiplier ideal sheaves on complex spaces not necessarily of pure dimension.
(2) If the complex space X ⊂ M is locally a complete intersection (not necessarily normal), thanks to the adjunction formula, it yields that ω GR
Analogous to the smooth case, we have the following: Theorem 2.4. With the same notations as above and ϕ ∈ Psh(X), it follows that
For the proof, we may assume that X is a complex subspace of some domain Ω in C n+r and π : Ω → Ω is a strong factorizing desingularization of X such that π * (I X ) = I X · I R X , where X is the strict transform of X in Ω and R X is an effective divisor supported on Ex(π). Then, we can show that
Remark 2.5. In fact, for the strong openness of multiplier ideal sheaves, if (ϕ k ) is a sequence of plurisubharmonic functions converging to ϕ with ϕ k ≤ ϕ on X, then we have
Remark 2.6. If ϕ A is a (quasi)-plurisubharmonic function on X with analytic singularities and ϕ A −∞ on every irreducible component of X, by combining with an argument of log resolution, we can deduce that the fractional ideal sheaf I (ϕ − ϕ A ) ⊂ M X is coherent and satisfies the strong openness property (cf. [40] ).
Combining with Lemma 4.4 in [19] , we achieve the equivalence of Mather-Jacobian and Nadel-Ohsawa multiplier ideal sheaves for analytic weights as follows.
Theorem 2.7. Let X be a complex space of pure dimension, a ⊂ O X a nonzero ideal sheaf on X and c ∈ R ≥0 . Then, the Mather-Jacobian multiplier ideal sheaf associated to a c coincides with the Nadel-Ohsawa multiplier ideal sheaf associated to ϕ c·a , i.e.,
and ( f k ) is any local system of generators of a. Remark 2.8. In fact, similar to the argument in the proof of Theorem 2.7, we can derive the following characterization of Ohsawa's extension measure.
Let (M, ω) be a Hermitian manifold and X ⊂ M a (closed) complex subspace of pure dimension d with the volume element dV X,ω = 1 d! ω d | X reg . Let Ψ ∈ # A (X) be a polar function on M determined by the ideal sheaf I X . Then, there exists a locally bounded positive function ρ on X such that
where |Jac X | 2 is globally defined via a partition of unity on the coordinate charts covering of X.
2.3. Adjoint ideal sheaves along closed complex subspaces. In [28] , Guenancia defined an analytic adjoint ideal sheaf associated to plurisubharmonic weight ϕ along SNC divisors (but not coherent for general ϕ; see [24] for more details), and established the so-called adjunction exact sequence for the locally Hölder continuous plurisubharmonic weights and smooth divisors. Later, the author [39] obtained a well-defined generalization of adjoint ideal sheaves to the analytic setting in the case of divisors. In this subsection, owing to our multiplier ideals introduced as above, we will make a reasonable version of the definition of analytic adjoint ideal sheaves along closed complex subspaces of higher codimension. Theorem 2.9. (Theorem 1.4) . Let M be an (n + r)-dimensional complex manifold and X ⊂ M a closed complex subspace of pure codimension r with g = (g 1 , . . . , g m ) a system of generators of I X near x ∈ M (m may depend on x) and ϕ ∈ Psh(M) such that ϕ| X −∞ on every irreducible component of X.
Then, there exists an ideal sheaf
where i : X ֒→ M, ι and ρ are the natural inclusion and restriction map respectively, and
near every point x ∈ X.
Sketch of the proof. As the statement is local, without loss of generality, we may assume that M is a bounded Stein domain in C n+r , g = (g 1 , . . . , g m ) is a system of generators of I X .
Case (i). When X ⊂ M is a closed complex submanifold of pure codimension r.
where Ad j 0 X (ϕ) ⊂ O M is an ideal sheaf of germs of holomorphic functions f ∈ O M,x such that | f | 2 e −2ϕ |g| 2r log 2 |g| is locally integrable with respect to the Lebesgue measure near x on M.
Case (ii). When X ⊂ M is a closed complex subspace with singularities. Let π : M → M be a strong factorizing desingularization of X such that π * (I X ) = I X · I R X , where X is the strict transform of X in M and R X is an effective divisor supported on Ex(π). Thanks to Case (i), we have the following adjunction exact sequence
Twist the exact sequence by O M (K M/M − rR X ), and then we deduce that
Then, we can take
Here, in order to establish the exact sequence (⋆), a local vanishing theorem is necessary (cf. [43] , Corollary 1.5).
Remark 2.10. (1) The adjunction exact sequence (⋆) yields the coherence and uniqueness (independent of the desingularization π) of Ad j X (ϕ).
(2) If X ⊂ M is a complex hypersurface, we can also get the following short exact sequence by a similar discussion as in Proposition 9.3.48 in [37] :
where π : M → M is an embedded resolution of (M, X) such that the proper transform X ⊂ M of X is non-singular.
(3) When M is an algebraic variety over C, X ⊂ M is a Q-Gorenstein reduced equidimensional subscheme and ϕ has analytic singularities, the above result is nothing but the main theorem (Theorem 5.1) in [19] , which answered a question of Takagi in [55] .
2.4. The restriction theorem of multiplier ideals. This part is devoted to discuss the relation of multiplier ideal sheaf I (ϕ| X ) and the restriction of Ad j X (ϕ) and I (ϕ) to X. Concretely, we can prove the following: Theorem 2.11. With hypotheses as above, it follows that
Proof. The first inclusion is a direct consequence of Theorem 2.4 (strong openness) and a local version of Theorem 2.2 in [25] , with weights (1 + ε)ϕ.
Twist the exact sequence (⋆) through by O X , and then we deduce Ad j X (ϕ)·O X = I (ϕ| X ) from the right exactness of tensor functor.
Remark 2.12. Note that Ad j X (ϕ) ⊂ I ϕ + (r − δ) log |g| for any 0 < δ ≤ r by the definition of Ad j X (ϕ). Then, we can also infer the first inclusion from I (ϕ| X ) = Ad j X (ϕ) · O X .
Extension theorems on
Kähler manifolds from singular hypersurfaces 3.1. Extension theorems for adjoint ideals on Kähler manifolds. In this subsection, we turn to obtain a global extension theorem related to adjoint ideals on Kähler manifolds from singular hypersuraces by combining the adjunction exact sequence (⋆) with the Nadel vanishing theorem. In addition, if M is compact and (L, e −2ϕ ) is only a pseudo-effective line bundle (not necessarily big), by replacing the Nadel vanishing theorem in the proof of above theorem by a Kawamata-Viehweg-Nadel-type vanishing theorem established in [9, 26] , i.e.,
is the numerical dimension of (L, ϕ) as defined in [9] , we can obtain the following: Combining Theorem 1.6 with Siu's construction of the metric in [51, 53] (see also [60] ), we can derive the following generalization of Takayama's extension theorem from singular hypersurface. Then, the natural restriction map
Siu's extension theorem and deformation invariance of plurigenera.
Let M be a complex manifold and π : M → ∆ = {t ∈ C | |t| < 1} a proper surjective holomorphic map with reduced analytic fibers M t = π −1 (t). The holomorphic family π : M → ∆ is called projective if there is a positive holomorphic line bundle over M. Then, we are able to establish the following singular version of extension theorem for projective family due to Siu [51, 52, 53 ] (see also [48] ), Then, the natural restriction map
Analogous to the proof of Theorem 3.4, we deduce the following extension theorem for projective family with singular fibers; see [12] for an argument on the case of smooth fibers. Then, the natural restriction map
As a straightforward application of Theorem 3.4, we obtain the following singular version of deformation invariance of plurigenera established by Siu in [51, 52] : Corollary 3.6. (Siu's theorem on plurigenera). Let π : M → ∆ be a projective family and assume that every fiber M t has at most log terminal singularities. Then for each m ≥ 0, the plurigenus P m (M t ) := dim C H 0 (M t , ω ⊗m M t ) is independent of t. Remark 3.7. In fact, in our situation, we have the equivalence of log terminal singularities and canonical singularities by Theorem 1.11. Thus, the above invariance of plurigenera has been established in [57] by combining a complicated L 2 extension theorem with some algebraic techniques.
Singularities of pairs associated to plurisubharmonic functions
In this section, we study the singularities of complex spaces (not necessarily normal or Q-Gorenstein). Concretely, we will characterize several important classes of singularities of pairs associated to plurisubharmonic functions in terms of the triviality of our multiplier and adjoint ideals. We refer to [13, 18] and [3, 34] for some algebraic counterparts on singularities defined by discrepancies. For our proof of above result, we need the following local vanishing theorem, which is a straightforward consequence of Corollary 1.5 in [43] and the arguments as in Theorem 3.5 in [18] . Theorem 4.3. Let X be a complex space of pure dimension and π : X → X a log resolution of Jac X such that Jac X · O X = O X (−J X/X ). Let (L, e −2ϕ L ) be a (possibly singular) Hermitian line bundle on X with semi-positive curvature current. Then,
for every q > 0.
Our proof of (1) in Theorem 4.2 depends on an induction on dim X due to a Bertini property related with log terminal singularities (cf. Lemma 4.1 in [21] ) and (2) is an immediate result of strong openness of multiplier ideal sheaves and the above local vanishing theorem.
Moreover, analogous to the argument of the case of hypersurfaces as in [39] , we can establish the following Theorem 4.4. Let X ⊂ M be locally a complete intersection and ϕ ∈ Psh(M) such that the slope ν x (ϕ| X ) = 0 for every x ∈ X. Then, the analytic adjoint ideal sheaf Ad j X (ϕ) = O M iff I (ϕ| X ) = O X iff X is normal and has only rational singularities iff (X, x) is canonical for any x ∈ X.
Here, the slope of ϕ| X at x is defined by
where ( f k ) are local generators of the maximal ideal m x of O X,x (cf. [5] ).
Log canonical singularities of plurisubharmonic functions
This section is devoted to investigate the local structure of log canonical singularities of plurisubharmonic functions (see [16, 10, 11] for some global properties related to various L 2 extension theorems).
5.1.
Finite generation of graded system of ideal sheaves. In this subsection, we study the finite generation of certain graded system of ideal sheaves from symbolic powers; see [34, 37] for the basic references. Firstly, let us recall some related concepts and notations. (2) If the inequality ord x f ≥ m holds at a general point x ∈ Z k for every k, by upper semi-continuity, it holds at every point of Z.
Remark 5.3. Let π : X → X be a log resolution of I Z obtained by first blowing up X along Z. Since Z k is generically smooth for every irreducible component Z k of Z, there is a unique irreducible component of the exceptional divisor of Bl Z (X) mapping onto Z k , which determines an irreducible divisor E k ⊂ X. Then, by the definition, it follows that
where the sum does make sense in view of that the family (Z k ) k∈Λ is locally finite. Definition 5.5. (cf. [14] ). Let X be a complex manifold, Z ⊂ X an irreducible analytic set. Let ϕ be a (quasi-) plurisubharmonic function on X and x ∈ X a point.
The Lelong number ν x (ϕ) of ϕ at x is defined to be
The generic Lelong number of ϕ along Z is defined as
Remark 5.6. (1) By the upper semi-continuity of Lelong number, it follows that ν Z (ϕ) = ν z (ϕ) for a general point z ∈ Z; specifically, for any point outside a countable union of proper analytic subsets of Z. In addition, for any x ∈ X, we have 1
(2) Let z 0 ∈ Z be a regular point. Then, we can deduce that
Definition 5.7. Let X be a complex space (not necessarily reduced). A graded system of ideal sheaves a • = {a m } on X is a collection of coherent ideal sheaves a m ⊂ O X (m ∈ N) such that a 0 = O X and a i · a j ⊂ a i+ j , ∀i, j ≥ 1. A graded system of ideal sheaves a • is finitely generated on X if Rees(a • ) is finitely generated as a graded O X -algebra in the sense that there is an integer m 0 such that Rees(a • ) is generated as an O X -algebra by its terms of degrees ≤ m 0 .
Let X be a complex manifold and a • = {a m } a graded system of ideal sheaves on X. We define a Siu plurisubharmonic function ϕ a • associated to a • by (cf. [33] )
on a domain Ω ⊂ X, where every term a m is an ideal sheaf with a choice of finite generators f m1 , ..., f mr m , and ε m approach 0 so fast as m → ∞ that the infinite series locally converges uniformly. Proof. Since a • is finitely generated on Ω, there exists m 0 > 0 such that for any m > m 0 ,
Note that a (m−1)! m ⊂ a m! by the definition of graded system of ideal sheaves, and then we can conclude that for some constant C > 0 (may depend on m), At the end of this part, we prove the following result on the finite generation of certain graded system of ideal sheaves.
Proposition 5.11. (Chenyang Xu). Let X be a smooth complex quasi-projective variety and A ⊂ X an algebraic subvariety (not necessarily irreducible). Let a • = {a m } be a graded sequence of ideals on X given by a m = I <m Λ > A with m k = e k m for each k and e k the codimension of A k in Ω. If LCT(a • ) = 1, then a • is finitely generated on X.
Proof. Let A k (1 ≤ k ≤ s) be all the irreducible components of A, and E k the divisor obtained by blowing up the generic point of A k . Write E = 1≤k≤s E k and a m = µ * O X ′ − m 1≤k≤s e k E k , where µ : X ′ → X is a model which contains all E k .
For each E k , we know ord E k (a m ) ≥ e k m by the definition, thus
We also have the log discrepancy A X (E k ) = e k . Therefore, the assumption implies that for each k,
which implies that ord E k (a • ) = e k and E k computes the log canonical threshold of a • . The rest is a standard argument using the minimal model program: for any 0 < ε < 1, there exists sufficiently large m 0 such that
Thus we know that for each E k , the log discrepancy
where the first inequality uses that LCT( 1 m a m ) > 1 − ε, and the middle inequality follows from that 1
We can choose ε sufficiently small such that εe k < 1 for each k, then by Corollary 1.4.3 in [6] , we know that there exists a model π : X → X such that the exceptional divisor Ex(π) is precisely E, the sum of E k , and −E is π-ample, which implies that a • is finitely generated on X.
Remark 5.12. As we will see, by combining (2) of Theorem 4.2 with (1) of Remark 5.16, the algebraic variety A in X with the reduced complex structure is a weakly normal complex space.
5.2.
The relation between log canonical locus and symbolic powers. This part is devoted to the algebraic properties of log canonical locus of plurisubharmonic functions. At first, by combining Demailly's analytic approximation of plurisubharmonic functions with properties of asymptotic multiplier ideals, we are able to establish the following result, which is important for us to study the local structure of log canonical singularities for general plurisubharmonic functions. N(I (u) ). Then, we can deduce that
(1) If dim o A = n − 1, then any union of (n − 1)-dimensional irreducible components of (A, o) is a semi-log-canonical hypersurface.
(2) Assume that o is an isolated singularity of A. Then the multiplier ideal subscheme V(u) is weakly normal near o. 
(d) When dim o A = 0, the desired result is straightforward.
Remark 5.20. We refer to [23] for an alternative argument of the case (b) by the so-called "inversion of adjunction" ([17], Theorem 2.5). Appendix A. Constructibility of log canonical threshold of graded system of ideal sheaves from symbolic powers In this appendix, we are ready to discuss something on the constructibility of log canonical thresholds from symbolic powers, which turns out to be helpful for us to study Question 1.1.
Definition A.1. (cf. [42] ). Let X be a complex manifold. A subset Z ⊂ X is analytically constructible if Z = λ∈Λ (V λ \W λ ), where {V λ } λ∈Λ is a locally finite family of irreducible analytic sets and W λ V λ is an analytic set for every λ ∈ Λ.
A function f : X → [−∞, +∞] is analytically constructible if each set f −1 (t) is constructible for any t ∈ [−∞, +∞], and the family { f −1 (t)} t∈[−∞,+∞] is locally finite on X.
Similarly, we can define a counterpart in the algebraic setting. In particular, every algebraically constructible set or function is analytically constructible.
Remark A.2. (1) The difference, finite intersection and union of analytically constructible sets is also an analytically constructible set.
(2) Let Ω ⊂⊂ X be a relatively compact domain. Then, the range f (Ω) of analytically constructible function f | Ω is a finite subset in [−∞, +∞].
Remark A.3. (Chevalley-Remmert; cf. [42] , p. 291). Let π : X → X be a proper holomorphic mapping of complex manifolds. Then the image of every analytically constructible set in X is an analytically constructible set in X.
Proposition A.4. Let X be a complex manifold of dimension three and Z ⊂ X an analytic set. Then, the log canonical threshold LCT x (a • ) is an analytically constructible function on X, where a • = {a m } is the graded sequence of ideals on X given by a m = I <m Λ > Z with m k = e k m for each k and e k the codimension of Z k in X.
Proof. We can achieve this by a similar argument to the proof of Theorem 1.15. Without loss of generality, we may assume that dim Z k > 0 for each irreducible component Z k of Z.
(i) When dim Z = 1, i.e., Z ⊂ X is a curve. Then, the singular locus of Z is at most a discrete subset in X. Note that LCT x (a • ) = +∞ iff x ∈ X\Z, and LCT x (a • ) = 1 for any point x ∈ Z reg . Hence, we can deduct that LCT x (a • ) is an analytically constructible function on X.
(ii) When dim Z k = 2 for each k, i.e., Z is a hypersurface of X. Thus, we obtain that the symbolic power of I Z coincides with the ordinary power, i.e., I <m> Z = I m Z for all m, which implies that LCT x (a • ) = LCT x (I Z ) for any point x ∈ X. Let π : X → X be a log resolution of I Z , and then by a standard argument on the computation of LCT x (I Z ) via the log resolution π (see [17] , Proposition 1.7), we conclude the constructibility of LCT x (a • ).
(iii) When dim Z = 2 and dim Z k = 1 for some k. Let Z α (α = 1, 2) be the union of all α-codimensional irreducible components of Z, and consider the graded system of ideal sheaves a ′ • , a ′′ • on X given by a ′ m = I <m> Z 1 and a ′′ m = I <2m> Z 2 respectively. Thus, it follows from (i) and (ii) that LCT x (a ′ • ) and LCT x (a ′′ • ) are analytically constructible functions on X. On the other hand, we note that LCT x (a • ) = LCT x (a ′ • ) for any x ∈ Z 1 \ Z 2 and LCT x (a • ) = LCT x (a ′′ • ) for any x ∈ Z 2 \ Z 1 . Finally, combining the discreteness of analytic set Z 1 ∩ Z 2 in X and the constructibility of LCT x (a ′ • ) and LCT x (a ′′ • ), we conclude that the function LCT x (a • ) is constructible on X.
Remark A.5. (An alternative argument on the proof of Theorem 1.15). At first, we observe that o is at most an algebraic singularity of A. Then, there exists an affine algebraic variety A ⊂ C n such that ( A, o) = (A, o) and we may assume that all irreducible components of A contain the origin o. Thus, by Theorem 5.13, we have Combining the lower semi-continuity of log canonical thresholds with Proposition A.4, we are able to infer that LCT( a • ) = 1 on an algebraic Zariski open neighborhood U of o in C n . Thus, by Proposition 5.11, it follows that a • is finitely generated on U. Therefore, a • is finitely generated on a neighborhood of o (in the complex topology), which implies that c o (ϕ a • ,m 0 ) = 1 for some m 0 > 0, and I (ϕ a • ,m 0 ) = I (u) near o by Lemma 5.9. Finally, using (2) of Theorem 4.2, we conclude that the multiplier ideal subscheme V(u) is weakly normal, shrinking Ω if necessary.
In view of Proposition A.4, it is natural to raise the following question:
Question A.1. Let X be a complex manifold and Z ⊂ X an analytic set. Let a • = {a m } be the graded sequence of ideal sheaves on X given by a m = I <m Λ > Z , where m k = e k m for each k and e k is the codimension of Z k in X. Is the log canonical threshold LCT x (a • ) an analytically constructible function on X?
Remark A.6. (1) From the argument in the proof of Proposition A.4, we can deduce that the answer of Question A.1 is positive if Z ⊂ X is locally a complete intersection or all singularities of Z are isolated.
(2) Analogous to Remark A.5, we are able to derive that if (A, o) is algebraic, then a positive answer of Question A.1 implies a positive solution to Question 1.1.
Finally, by combining the argument in Remark A.5 with Lemma 5.10, we can deduce the following observation on log canonical locus of pair associated to graded system of ideals in the algebraic setting.
Proposition A.7. Let X be a smooth complex projective variety and a • = {a m } any graded system of ideals on X such that LCT(a • ) = 1. If the answer of Question A.1 is positive, then any union of the irreducible components of multiplier ideal subscheme V(a • ) is weakly normal.
